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Abstract. In this paper, we generalize the results of [BMl, BM2] to affine Hecke algebras 
of arbitrary isogeny class with geometric unequal parameters, and extended by groups of 
automorphisms of the root datum. When the theory of types ([BKl, BK2]) gives a Hecke 
algebra of the form considered in this paper, our results establish a transfer of unitarity from 
the corresponding Bernstein component of the category of smooth representations of p-adic 
groups to the associated categories of Hecke algebra modules, as well as unitary functorial 
correspondences between certain Bernstein components of possibly different p-adic groups. 
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1. Introduction 

1.1. A central result in the representation theory of p— adic groups, is the Borel-Casselman 
equivalence between the categories of representations with Iwahori fixed vectors, and finite 
dimensional modules of the affine Hecke algebra, [Bol]. These results have served as a 
paradigm for subsequent efforts to solve the problem of classifying the admissible dual of a 
p— adic group, [BKl, BK2], [Ro], [Se] and many others. Prom the outset it was conjectured 
that the Borel-Casselman correspondence also preserves unitarity. In [BMl], it is proved 
that, for a split group G of adjoint type over a p-adic field F, the Borel-Casselman equivalence 
between the categories of representations with Iwahori fixed vectors, and finite dimensional 
modules of the affine Hecke algebra preserves unitarity. The results depend heavily on the 
fact that the affine Hecke algebras has equal parameters, and corresponds to an adjoint group. 
In addition, one has to make certain technical assumptions, namely that the infinitesimal 
character be real (c/. 1.3). This assumption is removed in [BM2]. 

The first purpose of this paper is to establish the preservation of unitarity in a much 
more general setting. To do this, we treat the case of an extended affine Hecke algebra with 
general parameters of geometric type, and coming from a group of arbitrary isogeny class. 
The work of [BMl] relies on combining the classification of representations of the affine Hecke 
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algebra and the idea of signature character in [Vo] . In order to treat the larger class of Hecke 
algebras in this paper, we have to analyze the relation betwen the affine Hecke algebra and 
the graded affine hecke algebra as in [BM2], and also rely heavily on the classification of 
irreducible modules of the affine graded Hecke algebra in ([Lul, Lu2, Lu3, Lu4]). 

The main technical result that we prove in this direction is summarized in the following 
theorem. Let ^ = {X, X"^ , R, R^) be a root datum corresponding to a complex connected 
reductive group G{^). Let T-L^'"^ (^', zq) be the affine Hecke algebra attached to ^' (definition 
2.1.1) and with parameters A, A* of geometric type (section 3). We assume that zq is not 
a root of unity. Let ^^'(^',2:0) = 'H^'''^* , zq) \kT be an extended affine Hecke algebra by a 
finite group F acting by automorphisms of ^ (definition 2.1.1). 

Let Se G Tg := be a fixed elliptic semisimple element in G(^). 

Theorem 1.1.1. The category of finite dimensionalTi' , zq) — modules whose central char- 
acters have elliptic parts G{^)tKT -conjugate to Se has the Vogan property (definition 4-3.1). 

This theorem plays the same role as its counterparts in [BMl] and [BM2]; namely it pro- 
vides a means to conclude that whenever a finite dimensional representation of the Hecke 
algebra is unitary, then the corresponding infinite dimensional representation in the Bern- 
stein component is also unitary. 

We set up the machinery in this paper such that, in light of theorem 1.1.1, whenever cer- 
tain, precise conditions on the Bernstein component are known to hold, the correspondence 
of Hermitian and unitary representations is automatic. The conditions that we need are the 
following: 

I. the Hecke algebra governing the Bernstein component is an extended affine Hecke 
algebra (definition 2.1.1) with parameters of geometric type (in the sense of Lusztig, 
see section 3), and 

II. the Hecke algebra isomorphism preserves the natural *-structures, the tempered 
spectrum, and the Bernstein presentation (see section 5.4). 

These conditions are known to hold in many cases, for example: 

(1) unramified principal series ([Bol],[IM],[Ti]); 

(2) GL{n,¥) ([BKl]) and GL{n,D) where D is a division algebra over F ([Se]); 

(3) unipotent representations of simple groups of adjoint type ([Lu6, Lu7, Lu4],[BHK]); 

(4) ramified principal series of split groups ([Ro]); 

(5) pseudo-spherical principal series for double covers of split groups of simply-connected 
type ([LS]). 

An important consequence of this approach is that it gives a unified framework for ob- 
taining functorial unitary correspondences between two Bernstein components for possibly 
different groups. Whenever two Bernstein components are controlled by isomorphic affine 
Hecke algebras such that the conditions I, II above hold, one has a functorial unitary corre- 
spondence. The example we present in detail to illustrate this is the case of ramified principal 
series of a split group where we obtain a correspondence with the unramified principal series 
of a (split) endoscopic group (Theorem 1.4.1). But there is another, subtler phenomenon: 
there are important cases when the two affine Hecke algebras are not isomorphic, but certain 
of their graded versions (in the sense of [Lul]) are. Again our methods allow us to conclude 
similar unitary correspondences. The example that we present in detail is that of unrami- 
fied principal series of quasisplit unramified groups, and the correspondences are again with 
unramified principal series of certain (split) endoscopic groups (Theorem 1.3.1). We explain 
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the two examples in more detail in the introduction, after presenting the fundamental case 
of the Borel-Casselman equivalence. 

1.2. Let F be a p-adic field of characteristic zero. Let Q be the F-points of a connected 
linear algebraic reductive group defined over F. Let A be a maximally split torus of Q and 
set M = Cg{A)^ the centralizer oi Am.Q. Fix a special maximal compact open subgroup /C 
and an Iwahori subgroup X d K, oiQ, attached by Bruhat-Tits theory to A. Let = Mn/C 
be the maximal compact open subgroup of M. A complex character x : — ^ is called 
unramified if x I cm = ^"^^ it is called ramified otherwise. 

Fix \ a character of ^M, and consider the category ^^^{Q) of smooth admissible Q- 
representations, which appear as constituents of the minimal principal series induced from 
complex characters x of M such that xl^M = \- This category is a Bernstein component 
of the category of all smooth admissible ^-representations. We are interested in the study 
of hermitian and unitary modules in ^^{Q). 

The first case is when = 1, the unramified principal series. In this case, the category 
IH^(^) is known to be naturally equivalent with the category of finite dimensional modules 
over the Iwahori-Hecke algebra T-L{Q, Ix), (the Borel-Casselman correspondence, [Bol]). The 
algebra T-L{Q,^x) is an affine Hecke algebra, possibly with unequal parameters (definition 
(2.1.1)), and has a natural *-operation (section 2.6); therefore one can define hermitian and 
unitary modules. 

Theorem 1.2.1. In the Borel-Casselman equivalence fH^(t/) = 'H{Q, lx)-'niod, the hermitian 
and unitary representations correspond, respectively. 

In this theorem, the group Q is of arbitrary isogeny and not necessarily split, and we 
emphasize that the correspondence is functor ial. The case when Q is adjoint and split over F 
is in [BMl, BM2]. In order the prove the claim, we need to extend the methods of Barbasch- 
Moy so that we cover extended affine (and affine graded in the sense of [Lul]) Hecke algebras 
with unequal parameters. 

1.3. Here is a first important consequence of our methods, indicative of endoscopy. Assume 
that Q is quasisplit quasisimple, and that it splits over an unramified extension of F, and /C is 
hyperspecial. (When Q is simple of adjoint type, the Deligne-Langlands-Lusztig classification 
for the representations in y^{Q) (and more generally, for unipotent representations) is in 
[Lu7].) We would like to relate the unitary representations in yi}{Q) with the unitary dual 
of certain split endoscopic groups. The Langlands complex dual group G is equipped with 
an automorphism r of the root datum of G, defined by the inner class of Q (see section 
6.1). (If Q is in fact split, then r is trivial.) It is well-known that VF(^, ^)-conjugacy 
classes of unramified complex characters of M are in one-to-one correspondence with r- 
twisted semisimple conjugacy classes in G. In this correspondence, if X is a subquotient of 
a principal series induced from an unramified character X; we refer to the corresponding 
twisted semisimple conjugacy class in G as the infinitesimal character of X. We say that X 
has real infinitesimal character if the corresponding semisimple class is hyperbolic modulo 
the center. 

Fix a semisimple elliptic element Sg £ G. Let G{seT) denote the centralizer of Se in G 
under r-twisted conjugacy, a reductive group. When G is simply-connected (so Q is adjoint), 
G{seT) is a connected group, but not in general. Let Q{seT) denote the split F-form of a 
(possibly disconnected) group dual to G{seT). There is a natural one-to-one correspondence 
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between infinitesimal characters of G with ehiptic part r-conjugate to Sg and real infinitesimal 
characters of Q{seT). Moreover, we find that the affine graded at Se Hecke algebras for Q 
and the affine graded at the identity Hecke algebra G{seT) are naturally isomorphic. The 
methods of this paper then imply the following result. 

Theorem 1.3.1. Let G be a quasisplit quasisimple group which splits over an unramified 
extension of¥. Fix Se an elliptic element in the dual complex group G. There is a natural 
one-to-one correspondence between irreducible representations infH^(^) whose infinitesimal 
character has elliptic part r-conjugate with Se, and representations in 9\^{Q{seT)) with real 
infinitesimal character, such that the hermitian and unitary modules correspond, respectively. 

For example, if Se = 1 and Q is the quasisplit form of the unitary group PSU{2n) or 
PSU{2n + 1), then Q{t) is the split form of SO{2n + 1) or Sp{2n), respectively. In particu- 
lar, we obtain a correspondence between the spherical unitary duals with real infinitesimal 
character of Q and G{t). This identification of spherical unitary duals (but by different meth- 
ods) is also known to hold for the pairs of classical real groups (C/(n,n), SO{n + l,n)) and 
{U{n + l,n),Sp{2n,R)), see [Ba]. 

If G does not split over an unramified extension of F, one may apply the same method used 
in [Lu7], section 10.13, of identifying the Iwahori-Hecke algebra HiG, Ix) and the category 
^R^{Q) with the Iwahori-Hecke algebra 'H{Q' , Ix') and the category 1H^(^'), respectively, for 
a different group Q' which splits over an unramified extension of F. (See [Lu7] for the list of 
pairs {Q,Q').) 

1.4. The second example is when \ is a nontrivial character of ^M. We rely on the theory 
of types results of [Ro] for ramified principal series, so we need to assume that Q is split, 
and have certain restrictions on the characteristic of F. In this case too, our methods imply 
a correspondence of endoscopic type (see section 6.3). To \ one attaches a semisimple 
element *^ in the Langlands dual G. Let Cci^) be the centralizer of in G. This is a 
possibly disconnected reductive group. We define a dual split group ^'(\), the F-points of 
a disconnected reductive group defined over F (section 6.3). 

Theorem 1.4.1. Let Q be a split group and \ a nontrivial character of^M. In the isomor- 
phism of categories yi^{Q) and 1H^(^'(\)) (from [Ro], see section 6.3), the hermitian and 
unitary representations correspond, respectively. 

Acknowledgements. This research was supported in part by the NSF: DMS 0554278 and 
0901104 for D.B., DMS 0554278 for D.C. 

2. Affine Hecke algebras and graded affine Hecke algebras 

In this section we recall the definitions of the affine Hecke algebra, its graded version, 
and the relation between their unitary duals. We follow [Lul] and [BM2]. There are certain 
minor modifications because we need to consider extended Hecke algebras. 

2.1. Let * = {X,X'^ ,R,R'^) be a root datum. Thus X,X'^ are two Z-lattices with a 
perfect pairing ( , ) : A x ^ Z, the subsets i? C A \ {0} and i?^ C A^ \ {0} are 
in bijection a £ R < — > a G i?^, satisfying {a, a) = 2. For every a £ R, the reflections 
Sq, : A — )• A, Sa{x) = X — {x,a)a, and Sa '■ A^ — )• A^, Saiy) = y — {oi,y)a, leave R and 
i?^ stable respectively. Let W be the finite Weyl group, i.e. the group generated by the set 
{sa ■ OL G i?}. It has a length function, which we denote by I. We fix a choice of positive 
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roots R^, with basis 11 of simple roots, and let B)^'^, IV^ be the corresponding images in i?^ 
under q i— t- a. We assume that ^ is reduced {i.e. , a G i? implies 2a ^ R). 

The connected complex linear reductive group corresponding to ^ is denoted G{^) or 
just G if there is no danger of confusion. Then T := X"^ ®i is a maximal torus in G, 
and let i? D r be the Borel subgroup such that the roots of T in i? are R'^ . 

A parameter set for is a pair of functions (A, A*), 



A : n ^ Z>o, 

A* : {a G n : a e 2^^} ^ Z>o, 
such that A(a) = A(a') and A*(a) = A*(a') whenever a, a' are 1^— conjugate. 



Definition 2.1.1. The affine Hecke algebra T-L^'^* {"^ , z) , or just %{'^)^ associated to the 
root datum ^' with parameter set (A, A*), is the associative algebra over C[z, z~^] with unit 
{z is an indeterminate), defined by generators T^, w G W , and Ox., x € X with relations: 

(r,„ + l)(r,^ - z2^(")) = 0, for all a G n, (2.1.1) 

T^T^> = Tw, for all w,w' G W, (2.1.2) 

such that l{ww') = l{w) + l{w'), 

0xOx' = Ox+x', for all X, x' G X, (2.1.3) 

OxTs^ - TsJs^ix) = {0. - Os^i.)){Gia) - 1), (2.1.4) 

where x G X, a G 11, and 



y , if a ^ 2X^ , 
^(") = \ + . ^ (2.1.5) 
eil^i ' It a G 2A 



Let r be a finite group endowed with a homomorphism T — > Aut{G, B,T), satisfying the 
property that A(7(a)) = A(a) and A*(7(a)) = A*(a), for all 7 G F. Then we can form the 
extended affine Hecke algebra 

^'(^r) :=^($) X r, (2.1.6) 
by adding the generators {T^j^gr and relations 

for 7 G r, w G W, X G X. 

Remarks 2.1.2. (1) The case n 2^"^ / can occur only if R has a factor of type B. 

(2) Since Ox — 0sa{x) = ^a;(l — ^-q)i where n = {x,a), the denominator of ^(a) actually 
divides Ox — Osa{x)- 

(3) If A(a) = c for all a G 11, and A*(a) = c, for all a G 2X'^ , we say that 'H(^) is a Hecke 
algebra with equal parameters. For example, assume that c = 1, and z acts by y/q. If ^' 
corresponds to S'L(2,C), the algebra is generated by T := Ts^ and ^ := where a is the 
unique positive root, subject to 

{T + 1){T - q) = 0; (2.1.7) 
OT-TO~^ = iq- 1)0. 
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On the other hand, if ^ corresponds to PGL{2,C), then the generators are T := Tg^ and 
6' := 9a subject to 

{T + 1){T - q) = 0; (2.1.8) 
e'T-T{9')-^ = {q-l){l + e'). 

2.2. Recall T = X'^ (g,z C . Then 

X = Hom(T,C^), = Hom(C^,T). 

Let A be the algebra of regular functions on x T. It can be identified with the abelian 
C[z, subalgebra of 'H{"^) generated by {9x : x E X}, where for every x & X, 9x T ^ 
is defined by 

0Ay^O = &''\ y^x\ c^c\ (2.2.1) 

If we denote by T-Lw the C[z, subalgebra generated by {T^ : w € W}, then 

n{^) = nw^ciz,.-^]^ (2.2.2) 

as a C[z, module. An important fact is that as algebras, 

nw = c[w] 0cC[z,z~^]. 

In the case of an extended algebra, set W' := VF x F and Hw' '■= T~iw >^ T. Then 

'H'{^)=nw'^ciz,z-^]^ (2.2.3) 

as a C[z, z"-*^]— module. 

Theorem 2.2.1 (Bernstein-Lusztig). The center ofl-L{^) is Z = , that is, the W— invariants 
in A. Similarly, the center ofH'^^) is A^ . 

Let mod^(^') or mod^'(^') denote the categories of finite dimensional Hecke algebra mod- 
ules. By Schur's lemma, every irreducible module (vr, V) has a central character, i.e. there is 
a homomorphism x ■ ^ — ^ C such that 7r(z)f = x(-2)^^ for every v and z ^ Z. By theo- 
rem 2.2.1, the central characters correspond to VK— conjugacy (respectively VF'— conjugacy) 
classes {zq,s) E x T. Then, we have: 

mod?^(M/)= □ mod(,„,,)?^(M/), (2.2.4) 

(2o,s)eCx y.W\T 

where va.o(i(^z^^ gyl-L{^) is the subcategory of modules with central character (corresponding to) 
(zo, s). Let Irr(2g ,,)'H(^) be the set of isomorphism classes of simple objects in this category. 
One has the similar definitions for 1-L'{^). Throughout the section, we will assume that zq 
is a fixed number in M>i. 

2.3. Fix a W^— orbit O of an element a € T, and denote by O' the Vl^'— orbit of a. Then 
O' = {Oi = O) U ©2 U • • • U Om where each Oj is a 14^— orbit. Define the decreasing chain 
of ideals X'^, k > 1, in A as 

I := {/ regular function on x T : /(I, a) = 0, Vcj G O}, (2.3.1) 

and the ideal of functions vanishing on O to at least order k. Let := X^H = HI^, 
k > 1, he the chain of ideals in ^(^F), generated by the I^^s. Similarly define {T')^ , and 

{Z'Y in ■H'(^) using the orbit O' . 
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Definition 2.3.1. The afRne graded Hecke algebra ]HIc)(^) is the associated graded object 
to the chain of ideals • • • D X'^ D . . . in T-Li^). Similarly E[0/(^) is the graded object in 

■H'(^) for the filtration • • • D Jvf D ... 

Let t = X"^ ®z C be the Lie algebra of T, and let i* = X (g)^ C be the dual space. Extend 
the pairing ( , ) to t* x t. Let A be the algebra of regular functions on C © t. Note that A 
can be identified with C[r] ©c 5'(t*), where S{ ) denotes the symmetric algebra, and r is an 
indeterminate. In the following 5 denotes the delta function. 

Theorem 2.3.2 ([Lul, BM2]). The graded Hecke algebra M.o{^) is a C[r] — algebra generated 
by {tyj : w G W}, S{i*), and a set of orthogonal idempotents {Efj : a € O} subject to the 
relations 

tw ■ tw' = tww', w,w' £ W, (2.3.2) 

Ea = 1, Eo-iEo-// = 5o-',o-"-Eo-', Efjts^ = ts^Es^a, (2.3.3) 

cr&O 

^ -ts^-ts^- Sa{u)) =rg{a){uj,d), where a £ U,uj G t* , (2.3.4) 

g{a) = y^ E„^„{a), and (2.3.5) 

0, if Sacr / a, 

fi„{a) = { 2A(q), ifsao- = cr, 2X'^ , (2.3.6) 

X{a) + X*{a)9^a{cr), if SaCr = a, a e 2X"^ . 

Notice that if SoO" = a, then 6a{cr) = O-aicr), or equivalently, 6a{o') £ {±1}- This implies 
that for the parameters iJ,a{a) we have Hcr{ot) G {0, 2A(a), A(a) — A*(a)}, for every root 
a G n. In particular, in the case of equal parameters Hecke algebra, the only possibilities 
are /io-(Q:) G {0,2A(a)}. 

Remark 2.3.3. An important special case is when O is formed of a single (M^— invariant) 
element a. Then there is only one idempotent generator Ea- = 1, so it is suppressed from 
the notation. The algebra BIo(^) is generated by {t^ ■ w G W} and 5(t*) subject to the 
commutation relation 

^ ■'ts^-ts^- Sa{i^) = r^i^{a){LO,a), a G 11, cj G t*, (2.3.7) 

where 

, 2A(a), ifa^2XV, 

^•^^"^ - \A(Q) + A*(a)0_,(a), ifaG2XV. ^^■'^■^> 

Still assuming that a is VF— invariant, we have 9a{cy) G {±1}, for all a G 11. If in fact a is 
in the center of group G{^), then Oaic) = 1, for all a G 11. 

Notation 2.3.4. We will use the notation H^^ for the graded algebra in the particular case 
defined by equations (2.3.7) and (2.3.8). 

Example 2.3.5. Let ^ be the root datum for PGL{2,C), in the equal parameter case, and 
r = {!}. We present three cases: 

(1) <^ = ^ ■ This is clearly VF— invariant. Then is generated by t = ts^ and oj 
subject to 

= 1, tuj + ujt = 2rX{a). (2.3.9) 
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(2) = ^ij' ™ PGL{2,C), the element a is VF— invariant. Note that 
(^a{<^) = — 1) and so is generated by t and uo subject to 

t^ = l, tuj + ujt = {). (2.3.10) 



(3) a 



Q (^^1^' ''^ 7^ Then W ■ a = {a, a ^}. The algebra Ho is generated by 
E'er, Ef^~i, t, (x! satisfying the following relations: 

= Ecr, E'^-i = E^-i, Ea- ■ E^-i =0, Efj + E^-i = 1, 
tE^ = E^-it, (2.3.11) 
= 1, tu} + ujt = 0. □ 

We can think of EIc)(^) as the associative algebra defined by the relations (2.3.2)-(2.3.6). 
In particular if there is a homomorphism T — > Aut{G,B,T), we can define 

EIo(^') := Moi"^) X r (2.3.12) 

as the associative algebra generated by {t^j^gr and the generators of Ho satisfying (2.3.2)- 
(2.3.6), and in addition 

t-yt^ = t-Y(ui)^7) t-ytyl = tjY, 7, 7 G r, (2 3 13) 

t-yca = ^{uj)t-y, w GW,u} & i*. 

Corollary 2.3.6. There is a natural identification 

Hc,/(^') = Ho(^')(= Ho(^') X r), 
where Hci'(^'), Hci(^) are as in definition 2.3.1, and H0(^) is as in (2.3.12). 

Proof. By (3) of proposition 3.2 of [BM2], Ho/ = Ho,; recall that {OJ is the T^-orbit 

partition of the VF'— orbit O' . Each induces (by grading) an algebra isomorphism 

ty : Ho, H^o,=o, (2.3.14) 

and therefore an automorphism 

ty : Ho' = Ho, H^o,=o, = Ho' (2.3.15) 

satisfying the required relations. We omit further details. □ 
Define 

Cw'{(y) ■■= {w (^W -.wa = a}. (2.3.16) 

Then W' ■ a = {wj ■ (J : 1 < j < n}, where {wi = 1, W2., ■ ■ ■ , Wn} are coset representatives for 
W'/Cw'{(t). Then {Er} = {E^^^ : 1 < j < ?^}, and from theorem 2.3.1, H^ = C[W'] {£' (g) 
A), as a C[r]— vector space, where £' is the algebra generated by the E^-.^j^s with 1 < j < n. 

Proposition 2.3.1 ([Lul]). The center of Mo is Z = {£ (g) A)^ . The center of H'^ is 
= {£' (g A)^' . 

It follows that the central characters of H^ are parameterized by Cvi/'(cr)— orbits in C©t. 
Similarly to the last paragraph in section 2.2, define the category modi^ro,x)^a^ where r acts 
by ro > and x £ i. 
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2.4. We describe the structure of IHIc)/(^') = 1H[0(^) in more detail. Fix a a G C C T. We 
define a root datum = , Ra , , R^) with positive roots defined as follows: 

R. = [ a€R:e^{a) = S^ll^ lUfx^' }' (2.4.1) 

R+ = R^nR+, (2.4.2) 
= {a G ii^ : a G i?^}. (2.4.3) 

Note that \I'o- is the root datum for (Cg{o')o,T), with positive roots i?jr with respect to 
the Borel subgroup 
CGi(7)onB. Define 

T^:={weCw'{<T)-w{Rt) = Rt}- (2.4.4) 

This is the group of components Cg{o')/Cg{(t)o- There is a group homomorphism r^- — > 
Aut(CG'(<T)o, C'g'(o")o n B,T) such that fi^iioi) = /io-(a), so the extended Hecke algebra 

M;,^^/.) := M^JM/.) X (2.4.5) 

is well defined. 

Recall {wi, . . . ,Wn} the coset representatives for W /Cw'io') from (2.3.16). Set 

Ei n = t -1 E,,,.„ = E.,,.„t -1 , for all I < i, j < n, (2.4.6) 

and let Ain be the matrix algebra with basis {Eij}. 

Theorem 2.4.1 ([Lul]). There is a natural algebra isomorphism 

m'ai^f) ^ Mn ®c (^a) = Mn ®c (%. (^a) X r,). 

Since the only irreducible representation of 7W„ is the n— dimensional standard represen- 
tation, one obtains immediately the equivalences of categories: 

mod(,,,,)M;p(^) ^ mod(,„,,)H;^ (^,). (2.4.7) 

Remarks 2.4.2. (1) When T = {1} and is generated by i?^, that is, when is of 
simply connected type, or more generally, if is generated by i?^ U ^i?^ (which includes 
the case of factors of type B as well), then Cvy(o") C Wa, and so = {1}, for every a £ T. 
In this case, El0(^'cr) = ^oi'^a), and there is no need to consider the extended graded Hecke 
algebras (2.4.5). 

(2) When a is V^'- invariant, then n = 1, and so M'^^i^) ^ 11^^(1'^) = IHI^^(^^) x F^. 

2.5. In this section, we discuss the relation between Tii^) and E[0(^'). We need some 
definitions first. 

The torus T = X'^^g'^C^ admits a polar decomposition T = T(,xTh, where = X'^^^zS^i 
and Th = X"^ (g)^ K>o- Consequently, every s G T decomposes uniquely into s = Se- Sh, with 
Se G Tg and Sh G T^- We call an element Sg G Te elliptic, and an element Sh G hyperbolic. 
Similarly, t = X"^ ®i C admits the decomposition t = tjig © % into an imaginary part 
tiR = X^ ®i iR and a real part iu = X"^ ®i M. 

We need to define certain completions of the Hecke algebras. The algebras C[r], S, and 
C[r] (g) S consist of polynomial functions on C, t and Ai := C © t, respectively. Let C[r], S, 
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and C[r] <^ §> be the corresponding algebras of holomorphic functions. Let % and % be the 
fields of rational and meromorphic functions on A4. Finally set A := A (8)s S C X, and 

Mo :=C[Ty]0(C[r]®A), 

Mo{%) := C[W] ^{£(^X)D Mo, 

Mo{%) := C[W] ^{£(g>%)D Mo{OC),Mo- 

We make the analogous definitions for M' . 

Theorem 2.5.1 ([Lul], 5.2 and [BM2] theorem 3.5). The map 

L : C[W] {£ X) ^ Mo{%), defined by 
i{E^) = E^, i{f) = f, fe%, 

i{ta) = {ta + 1)( gaiay^E^) - 1, 

where 

g^{a) = 1 + fi^{a)a~^ e %, (2.5.1) 
is an algebra isomorphism. Similarly for extended algebras, we have the analogous isomor- 
phism i' : C[W'] X (£: (g) 3C) — > M'(^{%), with t'i-y) = 7. 

To every character x of (the center oi % = Hw "X" A), there corresponds a maximal 
ideal >J-)^ = {z G Z : xiz) = 0} of Z. Define the quotients 

A^ = A/A-j^, n{^)^ = nm/n{^)-j^. (2.5.2) 

Similarly, consider the ideal I-j^ for every character x of Z in Mo, and define the analogous 
quotients. Then 

A^ := A/(A • I^) = A/(A • %) = %, 

My := Mo /{Mo ■ Ix) = ^o/(Mo ■ %) = %• (2.5.3) 

The similar definitions and formulas hold for T-L' and M'q. 
The map 

T:CetM^C^xr, (ro,z/) ^ (zo,s) = (e'-°,a-e^) (2.5.4) 

is C^y((T)— invariant. It matches the central characters 

T : x = Cw{^)- {ro, v)^x = W- (zq, s). (2.5.5) 

Moreover, r is a bijection onto the central characters of % with elliptic part in O. Similarly 
for extended algebras, we have a matching r' : x' = Cw>{<^) " (^^0)^^) ^ — ^ X = W ' (-^o^s) 
which is a bijection onto central characters of %' with elliptic part in O' . 

Proposition 2.5.1 ([BM2], proposition 4.1). The map (f) : A[z, z~^] — > C[r] (g) A defined by 

m = e^ 

is a C— algebra homomorphism which maps J-^ to and defines by passage to the quotients 
an isomorphism between A^ and A^. 
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The map <^ : % — > Ho (IK) defined by 

^{a) = (t){a), 

+ 1) = E + l)^{QMar^ 

crGO 

with Qa as in definition 2.1.1, and ga{a) as in (2.5.1), induces an isomorphism between Ti^ 
and {Mci)^. 

The map $ depends on (ro,z^) G 7W]k(:= C ® t^). We write ^(ro,u) when we want to 
emphasize this dependence. 

Theorem 2.5.2 ([BM2], theorem 4.3). Assume a £ Te. Let x = W ■ {e''°,a ■ e"), x = 
Cw{(y) ■ {I'Q^^) be as in (2.5.5), with (ro,z^) E C©t]8. The isomorphism 

from (2.5.3) is analytic in (ro,z/) G C x t^. 

Both the proposition and the theorem hold with the obvious modifications for %' and H'. 

2.6. The algebras T-L{^) and El0(^') have natural *— operations. We recall their definitions 
on generators following [BM2]. 

For 1-L{^), the generators are z, T^, w G W , and 9x, x £ X (definition 2.1.1), and we set: 

z* = z, T*^ = T^^., e* = T^,e^,T^-., (2.6.1) 

where wo is the longest Weyl group element. For H' , * acts in addition by 

T;:=T^-i. (2.6.2) 

For EIc)(^'), recall that the generators are r, t^, w £ W, u £ t* , E^/, a' £ W ■ a. The graded 
♦-operation is computed in [BM2]: 

r* = r, tl=t^^., E:,=E,,^ (2.6.3) 

/3£R+ a'eW-a 

where 

if S = Se- Sh£T = TeXTh, s*:=Se-s^\ (2.6.4) 
Following [BM2], we call s such that s* £ W ■ s hermitian. Note that every elliptic element 
is hermitian, and therefore, under our assumption that a be elliptic, the *— operation on 
EIo-(^') is well-defined. For M', define in addition 

t*=t^-i. (2.6.5) 

Using these *— operations, we define hermitian and unitary modules for T-L{^) and ]HIc)(^) 
as well as for the extended algebras and H^(^). 

Proposition 2.6.1 ([BM2],5.7). In the setting of theorem 2.5.2, the isomorphism 7^(^')^ = 
Hc)(^')x is compatible with the *— structures. In particular, in the equivalence of categories 

mod^n{^) ^ mod^Wio{^), (2.6.6) 

mod^n'i^) ^ mo%EIo(^), (2.6.7) 

the hermitian irreducible modules and the unitary irreducible modules correspond, respec- 
tively. 
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Corollary 2.6.1. The equivalence of categories 

T : mo%H|,J^'^) ^ mod^n'i^) (2.6.8) 

given by combining (2.6.6) and (2.4.7), takes hermitian irreducible modules to hermitian 
irreducible modules and unitary irreducible modules to unitary irreducible modules. 

Proof. This is immediate from proposition 2.5.1, since tensoring with the n— dimensional 
standard representation of Mn preserves irreducible, hermitian, and miitary modules, re- 
spectively. □ 

Remark. Corollary 2.6.1 effectively says that, in order to compute the unitary dual for 
H'^^), it is equivalent to compute the unitary dual with real central character for extended 
graded Hecke algebras IH^^(^o-) = ]HI^^(^'o-) xTg-, for every conjugacy class of cr G Te (elliptic 
semisimple elements). In the case when cr is a central element of G, this means that the 
unitary dual in mod(^zo,s)'H{^) with Se = c is identified with the unitary dual with real 
central character for ]HIi(^'i). □ 

For future purposes, we record here how the functor from (2.6.8) behaves with respect 
to the VF'— structure. The first part is corollary 3.4.(2) in [BM2], and the second part is 
immediate from the remark after theorem 2.3.1. 

Corollary 2.6.2 ([BM2],3.4). As C[W']- modules: 

T{V)=lnd^',iV), (2.6.9) 

where V G mod^W^^{^„), J"(F) G mod^U{^). 

In particular, if a is W — invariant, then J-{V) = V as C\W'] — modules. 

2.7. Let y be a 'W(^)— module on which z acts by zq G 1R>i. For every t G T, define a 
^—generalized eigenspace of V: 

Vt = {v£V : for ah x £ X, {x{t) - O^fv = 0, for some k > 0}. (2.7.1) 

We say that t is a weight of F if 14 7^ {0}. Let Tj{y) denote the set of weights of V. We have 
V = ejgs(y)14. 

Definition 2.7.1. We say that V is tempered if, for all x G X+ := {x G X : (x,a) > 
0, for ah a G R+}, and ah t G T.{V), \x{t)\ < 1 holds. 

Let y be a EI^^(^'o-)— module on which r acts by ro > 0. For every G t, define a 
A— generalized eigenspace of V, 

Fj, = {z; G F : Vw G S{i*), (w(i/) - uj)''v = 0,k» 0}. (2.7.2) 

We say that v is a weight of V if V,^ ^ {0}. Let S(F) denote the set of weights of V. We 
have 

Definition 2.7.2. We say that F is tempered if, for all a; G A+ := {w G S{i*) : {u},a) > 
0, for all a G R~^}, and all G ^(V), we have (w, u) < 0. 

The two notions are naturally related. 

Lemma 2.7.3 ([BM2, Lu4]). In the equivalence of categories from corollary 2.6.2, the tem- 
pered modules correspond. Precisely, V is tempered if and only ifV = J'{V) is tempered. 
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3. Geometric graded Hecke algebras and linear independence 

3.1. In this section we discuss the graded Hecke algebra M = ]H^^(^'o-) defined by the 
relations in (2.3.7) and (2.3.8) for the case a = 1 (and T = {!}). We recall its definition in 
this particular case. Let (X, i?, X^, i?^) be a root datum for a reduced root system, with 
finite Weyl group W, and simple roots H. The relations are in terms of the function /j, in 
(2.3.8). The lattices X and are not explicitly needed for the relations, just t := X"^ ®z C 
and i* = X®i C. Then M = m{i*,R) is generated over C[r] by {i^ : u; G W} and a; G t*, 
subject to 

tw ■ tu,' = t^w' , w,w' £W, (3.1.1) 

00 ■ bJ = UJ ■ (jj, (x!,(^Gt, 

io ■ ts^_ - ts^. ■ Sa{uj) = 2r^ia{io,a), w G t*, a G n. 

We will consider only Hecke algebras of geometric type, that is those arising by the con- 
struction of [Lul]. We will recall this next, but let us record first what the explicit cases are. 
Assume the root system is simple. Then there are at most two VK— conjugacy classes in . 
Since /x is constant on M^— conjugacy classes, it is determined by its values /i^ := fJ^i^s) and 
/.i; := fJ-{ai), where is a short simple root, and ai is a long simple root. For uniformity of 
notation in the table below, we say = m in the simply-laced case. Only the ratio of these 
parameters is important, and there are also obvious isomorphisms between types B and C. 
The list is in table 3.1. 



Type 


ratio ^s/w 


An 


1 


Bn 


Z>o, Z>o + 1/2, Z>o + 1/4, Z>o + 3/4 


Dn 


1 


-£'6,7,8 


1 




1, 2 


G2 


1, 9 



3.2. We review briefly the construction and classiflcation of these algebras following the work 
of Lusztig. Let G be a complex connected reductive group, with a fixed Borel subgroup i?, 
and maximal torus H C B. The Lie algebras will be denoted by the corresponding Gothic 
letters. 

Definition 3.2.1. A cuspidal triple for G is a triple (L,C,£), where L is a Levi subgroup 
of G, C is a nilpotent L— orbit on the Lie algebra [, and C is an irreducible G— equivariant 
local system on C which is cuspidal in the sense of [Lu5]. 

Let -C(G) denote the set of G— conjugacy classes of cuspidal triples for G. For example, 
(i?,0,triv) G £(G). Let us fix (L,C,£) G £(G), such that H C L, and P = LU D B 
is a parabolic subgroup. Let T denote the identity component of the center of L. Set 
W = Ng{L)/L. This is a Coxeter group due to the particular form L must have to allow a 
cuspidal local system. 

Definition 3.2.2. Let M(L,C,£) := M^(t*,i?) define a graded Hecke algebra as in (3.1.1) 
where: 

(i) t is the Lie algebra of T; 
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(ii) W = Ng{L)/L- 

(iii) R is the reduced part of the root system given by the nonzero weights of ad(t) on 
g; it can be identified with the root system of the reductive part of Cg{x), where 

(iv) is the subset of R for which the corresponding weight space hves in u; 

(v) the simple roots II = {oj : z G /} correspond to the Levi subgroups Lj containing L 
maximally: ai is the unique element in R^ which is trivial on the center of [j; 

(vi) for every simple Oj, /ia- > 2 is defined to be the smallest integer such that 

ad(x)''"'"^ : li n u [j n u is zero. (3.2.1) 

Up to constant scaling of the parameter function ^, all the algebras in table 3.1 appear 
in this way. The explicit classification of cuspidal triples when G is simple, along with the 
corresponding values for the parameters pLa can be found in the tables of [Lu2], 2.13. 

3.3. Consider the algebraic variety 

= {(x, 5P) G g X G/P : Ad{g~^)x G C + t + u}, (3.3.1) 

on which G x acts via {gi, A): x i->- X~'^Ad{gi)x, x £ q, and gP ^ gigP, g £ G. 

If V is any G x C^— stable subvariety of g, we denote by V the preimage under the first 
projection prj^ : g — t- g. Let qn denote the variety of nilpotent elements in g. We will use the 
notation 

Ve := {e} = {gP : Ad{g~^)e G C + u}, 
for any e G gAr. (The identification is via the second projection g — t- G/P.) Define also 
VI = {gP G Ve : Ad{g-^)s G P}- ^ 

We consider the projections pr^^ : g — C, pr(j(x,(7) = pr(^(Ad((/~^)x), and prp : g — )• g, 
l>ip{x,g) = {x,gP), where g = {{x,g) G g x G : Ad{g~^)x G C + P) + u}. They are both 
G X —equi variant. Let C be the G x — equivariant local system on g defined by the 
condition pr^(£) = prp(£), and let C* be its dual local system. 

The classification of simple modules for H = M{L,C,C) is in [Lu2, Lu3, Lu4]. Let us fix 
a semisimple element s G g and ro G C^, and let T = 7^,ro be the smallest torus in G x 
whose Lie algebra contains (s,ro). Let g2ro be the set of T— fixed vectors in g, namely 

02ro = {a; G : [s,x] = 2rox}. (3.3.2) 

Let Cg{s) X be the centralizer of (s, vq) in G x . Since s G g, Cg(s) is a Levi subgroup 
of G, hence this centralizer is connected. 

The construction of standard modules is in equivariant homology ([Lu2], section 1). For 
{e,^p), where e G g2ro) and ip G A(s,e), the standard geometric module is (see [Lu3], 10.7, 
10.12) : 

= Hom^(,,e)[V' : H^^HK, £)] (3.3.3) 

One considers the action of Acie) = CG{e)/CG{e)^ on the homology Hy\Ve, C), and let 
A{e)c denote the representations of A(e) which appear in this way. Note that the natural 
map A{s, e) — )• A{e) is in fact an injection. Let A{s, e)c denote the representations of A{s, e) 
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which appear as restrictions of A{e)c to A{s,e). By [Lu3], 8.17, and [Lu2], 8.10, ^{s,e,»/') 7^ 
if and only if ip ^ A{s, e)c- One can phrase the classification as follows. 

Theorem 3.3.1 ([Lu3] 8.10, 8.14, 8.17, [Lu4] 1.15). A standard module ^(s,e,»/') ^'^ nonzero 

if and only if il) & A{s,e)c- When X(g e,i/)) / 0) has a unique irreducible quotient Li^g^^^^y 
This induces a natural one-to-one correspondence 

/rr,.oIH[(L,C,£) o{(s,e,V') : [s,e] = roe, 

(3.3.4) 

s E semisimple, e S Qn, "0 S A{s,e)c}/G. 

3.4. We are interested in the VF— structure of standard modules. Let e € qn be given. By 
[Lu5] (also [Lu8] section 24), the homology group H^^^Ve, C) carries a A{e) x W action. 
Moreover, 

fi{e,4>) ■.= liomAie)[(t>,H^'Hre,C)] (3.4.1) 

is an irreducible M^— representation. The correspondence A{e)c — )• W, (e, cp) — >• ;u(e, <j)) is 
the generalized Springer correspondence of [Lu5], and it is a bijection. We summarize the 
relevant results from [Lu5, Lu8] that we will need in the following statement. 

Theorem 3.4.1 ([Lu5],6.5, [Lu8],24.4). Let {L,C,C) be a cuspidal triple as before. 

(1) If e ^ 07V; </> £ A{e)c, then ii{e,(j)) from (3.4-1) is an irreducible W— representation. 

(2) The W— representation /i(e, (^) appears with multiplicity one in H^^\Ve, C). 

(3) If the W— representation fj.{e',(p') occurs in 

H^^^Ve, C), then e' £ G ■ e, and if G ■ e' = G ■ e, then necessarily (j)' = (f). 

(4) If<i)' i A{e)c, then Yio^A(e)W ,Hl^\Ve, C)] = 0- 

Claim (4) in this theorem is proved in [Lu8], as a consequence of a (generalized) Green 
polynomials algorithm. 

To transfer these results to the 14^— structure of standard modules, via (3.3.3), we also 
need the deformation argument of [Lu3], 10.13. 

Lemma 3.4.2 ([Lu3],10.13). In the notation of (3.3.3), there is an isomorphism of W —representations 

. (3.4.2) 

= Hom^(,,,)[V^:ifi^^(Pe,/:)]. 

3.5. Now we can recall the classification of tempered modules for the geometric Hecke 
algebras as in [Lu4]. Fix ro > 0. 

Definition 3.5.1. A semisimple element cr G g is called hyperbolic (resp. elliptic) if ad(cr) : 
0—7-0 has only real (resp. imaginary) eigenvalues. 

Theorem 3.5.2 ([Lu4],1.21). The module L(^g^^^^y where ■0 G A{s,e)c, is a tempered module 
for M{L, C, C) if and only if there exists a Lie triple {e, /i, /} in 0, such that [s, /i] = 0, 
[s,/] = — 2ro/, [s,e] = 2roe, and s — r^h is elliptic. In this case, i(s,e,^/)) = ^{s,e,ii})- 

By s^(2)— theory, any middle element /i of a Lie triple is hyperbolic. The condition that 
s — r^h be elliptic, implies that if s is hyperbolic, then in fact s = r^h. In this case A(e) = 
A{s, e). Recall also that there is a one-to-one correspondence between nilpotent G— orbits in 
and G— conjugacy classes of Lie triples. Finally, we may assume that s is in t, and therefore 
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the central character of the irreducible M.{L, C, £)— module i(s^e,i/)) is the (W^— conjugacy class 
of the) projection on t of s. (The notation is as in section 3.2.) Putting these together, we 
have the following corollary. 

Corollary 3.5.3. The map 

{{e,(f)) : e G 0Ar,0 e A{e)c}/G i — > X^roh,e,<t,), (3.5.1) 

is a one-to-one correspondence onto the set of isomorphism classes of tempered irreducible 
M{L,C,C) — modules with real central character, on which r acts by tq. 

We can now formulate the main result we will need in the rest of the paper. This is the 
generalization of the result in [BMl] for Hecke algebras with equal parameters, and it also 
appeared in an equivalent form in [Ci]. 

Proposition 3.5.1. Assume ro 7^ 0. The lowest W—type correspondence 

X(rQh,e,4>) — > lJ'{e,(p) (3.5.2) 

between tempered modules in /rr^j, IH ( L, C, C) with real central character and W is a bijection. 
Moreover, the map 

^{roh,e,<j>) > ^{roh,e,^)\w (3.5.3) 

is uni-triangular with respect to the closure ordering of nilpotent orbits and the lowest 
W—type map. In particular, the set of tempered modules with real central character in 
Irrrg M.{L,C,C) are linearly independent in the Grothendieck group ofW. 

Proof. Using lemma 3.4.2 and theorem 3.4.1, we see that every tempered module ^(r-oh,,e,</>) 
as in corollary 3.5.3 has a unique lowest VF— type (with respect to the closure ordering of 
nilpotent orbits) fx{e, (p), and this appears with multiplicity one. The unitriangularity is also 
clear from the same results. □ 

3.6. We would like to extend proposition 3.5.1 to affine graded Hecke algebras M' := H x T 
of the type as in section 2.4, under the assumption that HI is of geometric type. 

We wish to study the TF'— structure of tempered H'— modules with real central character. 
For this, we need some elements of Clifford-Mackey theory, as in [RR]. We recall the general 
setting, for an extended algebra K' := KxiT, which will then be specialized first to K = C[W] 
and K' = C[W'], and then to K = M and K = m'. 

Let K he a, finite dimensional C— algebra, with an action by algebra automorphisms by F, 
and set K' = K yiT. If V is a finite dimensional module of K, and 7 E F, then let 'V denote 
the -fC— module with the action x o v := ^~^{x)v, x ^ K, v ^ V. Clearly, V is irreducible 
if and only if 'V is irreducible. Assume V is an irreducible i^T— module. Define the inertia 
subgroup 

Fy = {7 G F : V ^"iV}. (3.6.1) 
Since V is simple, the isomorphism V — t-'^I/, for 7 € Fy, is unique up to a scalar multiple. 
We fix a family of isomorphisms {r^ : V -^"^ Fj^grv-, and define the factor set 

/3 : Fy X Fy — )• C*, such that r^ry = /3(7,7')r^y. (3.6.2) 
Let (CFy)^-i be the algebra with basis {7 : 7 € Fy} and multiplication 

7-7' = /3(7,7')^'(77'), (3-6.3) 
where the latter multiplication is understood in CFy. Up to algebra isomorphism, the al- 
gebra (CFy)^-i is independent of the choice of the family {r^}. If U is any irreducible 
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(CFy)^-! —module, then there is a natural K xi Ty action onV ®U: xj{v (8> u) := (xt^v) (g) 
(7ti), for X e iiT, 7 G Ty. 

Theorem 3.6.1 ([RR],A.6). With the same notation as above, define the induced module 

y x[/:=Indf^^^(y^C/). 

Then 

(a) V yi U is an irreducible K x T— module. 

(b) Every irreducible K xi V— module appears in this way. 

(c) IfV yiU = V' y> U', then V, V' are T-conjugate, and U = U' as (CTv) 13-1 -modules. 

We go back to our setting. Set K = C[W] first. For every fi G W, let be the inertia 
group, and fix a family of isomorphisms {a^ : ^ ^ V}7er^- Since the action of F on 
comes from the action of F on the root datum, we have the following lemma. 

Lemma 3.6.2. In the notation of theorem 3.4-1, if IJ- = G W, for some e € Qn md 

4> G A{e)c, then for every 7 € F we have '^^ = fi{'~fe,'^(j)). 

When EI has equal parameters, this statement is a particular case of propositions 2.6.1 
and 2.7.3 in [Re]. In more generality, one can follow the analogous argument using the 
construction of the 1^-action from [Lu2] 3.4, 8.1, and the formal functorial properties of 
equivariant homology from section 1 in [Lu2]. 

Now, let us specialize to K = M, so that K' = M' . Assume ^ is a tempered module 
of H with real central character. Then also W is tempered with real central character 
for any 7 S F. By proposition 3.5.1, there exists a unique lowest M^— type of V, call it 
l-L = fi{e,<j)), which appears with multiplicity one. To emphasize this correspondence, we 
write V = V{e, 4>). 

Proposition 3.6.1. We have Fy(g ,^) = F^(e,(^)- Moreover, the factor set for Fy(e,(/)) can be 
chosen to be equal to the factor set for F^(g ,^). 

Proof. Assume the VF— structure of y(e, (f)) is 

V{e, 4:)\w = /u(e, (/>) © m(e/,<^/);u(e', (/>'). (3.6.4) 

Let 7 G F be given. Then 

= /i(7e,^'/') © m(e,,^,)/i(7e',^ (3.6.5) 
= /i(7e,'^(/)) © m(e/_<^/)/i(7e','^ (/)'), 

7e6G-7e' 

where one uses the obvious fact that e G G • e' if and only if 76 G G • 76'. This means that 
the lowest VF— type of W is "^/x. By proposition 3.5.1, it follows that V V if and only if 
jj, ji. This proves the first claim in the lemma. 

For the second claim, let (3 be the factor set for ji corresponding to the isomorphisms 
{a^l^gr^- Let {r^ : V — )-'^ Fj^gry be a family of isomorphisms for V . Then by restriction 
to Hom-spaces, we get 

HomvF[/i : V] ^ HomvK[/U V] ^ HomvFT'V V]. (3.6.6) 
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By theorem 3.4.1(2), these spaces are one-dimensional, and so the composition is a scalar. 
We normalize r-y so that this scalar equals to one. This forces {t^} to have the same factor 
set f3 as {a^}. □ 

Corollary 3.6.3. ^ There is a one-to-one correspondence V' = V{e,(j)) x [/ — ?• fi'y, = 
IJ,{e,(j)) X [/, f7 € '^n{e,<j})j between tempered modules with real central character for W = HxT 
and representations of W' = W yiT. Moreover, in the Grothendieck group of W , the set of 
tempered M! —modules with real central character is linearly independent. 

Proof. The first claim follows immediately from proposition 3.6.1, and also the fact that ^'y, 
appears with multiplicity one in V' . 

The second claim follows immediately, once we define a partial ordering on W by setting 
^(ei 0i) ^ /^(e2 02) ^"^^ ^^^^ if ei G G • 62- Then jjly, is the lowest VF'— type of V with 
respect to this order, and the restriction map V' — )• V'\w' is uni-triangular. 

□ 



4. JANTZEN FILTRATIONS AND SIGNATURE CHARACTERS 

In the previous sections, we encountered three types of "graded" Hecke algebras associated 
to a root system, which appear naturally in the reductions of section 2.3 from the affine Hecke 
algebra attached to a root datum. There is the usual graded Hecke algebra H, definition 
(3.1.1), the extended Hecke algebra H' = H x F, by a group T of automorphisms of the root 
system for H, and also, an induced Hecke algebra, which we will denote now H' = 7W„®cH', 
where Mn = {^ij} is a matrix algebra. The finite group parts of these algebras will be 
denoted by C[W], C[W'] = C[W x T], and C[W'] = C{W',Ei^i : i = l,n), respectively. 

4.1. The Langlands classification for H is in [Ev], theorem 2.1. We need to formulate it in 
the setting of M' = M x T. 

Recall that the graded Hecke algebra BI corresponds to a root system (t*, -R, t, -R^), simple 
roots n, and parameter set /i. Assume the indeterminate r acts by tq 7^ 0. Let Hp C H 
be given, then we define a parabolic subalgebra Hp C H, which, as a C— vector space is 
Hp = CfWp] (8) S{i*), where Wp C W is the subgroup generated by the reflection in the 
roots of Hp. The parameter set on Hp is obtained by restriction from /i. Deflne 

ap = {a;Gt: (a, x) = 0, Va G Hp}, a*p = {u e t* : (tj, a) = 0, Va G Hp}, 
tAf = {w G t* : {u},x) = 0,\/x e a*p}, ilj = {x e t : {uj,x) = 0,\fuj e a*p}. 

Then Hp = Mm ® S{a*p) as C-algebras, where Mm = C[Wp] (8) S{i\j) as a vector space (and 
defining commutation relations coming from H). 

The Langlands classification for H takes the following form. 

Theorem 4.1.1 ([Ev], theorem 2.1). (i) Let V be an irreducible M— module. Then V 
is a quotient of a standard induced module I{P, U, u) := H (dup {U O C^), where U 
is a tempered Mm — module, and z/ G Op , where 

ttp = {x £ ap : {a,Re u) > 0, for all a £U\Up.} (4.1.2) 

^Recently, [Sol] gave a proof, by different methods, of the linear W'-independence of tempered modules 
with real central character, but not the "lowest W^'-type" uni-triangularity, for affine graded Hecke algebras 
with arbitrary parameters. 
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(ii) Any standard module I{P,U,v) as in (i) has a unique irreducible quotient, denoted 
J{P,U,u). 

(iii) J{Pi,Ui,vi) = J{P2,U2,i^2) if CLnd only if Hp-^ = IIpj, Ui = U2 as Mm — modules, 
and vi = V2. 

Moreover, the quotient J{P, U, v) is characterized by the following property. Define an 
order relation > on real parameters (%) by 

u > VQ\i {u - uo, a) > 0, for all a G 11. (4.1.3) 

Then if J{Po, Uq, vq) is an irreducible subquotient of I{P, U, v) different than J(P, U, v), we 
have Rev > Rcvq. 

The case of H' compared to H is analogous to the case of a nonconnected p-adic group 
compared to its identity component. In the setting of p-adic groups, the Langlands classifi- 
cation for nonconnected groups with abelian group of components was carried out in [BJl], 
starting with the known case of connected groups. We follow the same approach and simply 
translate into the graded Hecke algebra language the results from p-adic groups, the proofs 
being completely analogous. 

To account for the action of F, define first 

rp = {7Gr: 7-np = np}. (4.1.4) 

The problem is of course that while any two elements of ap are not conjugate under W , 
they may be conjugate under Fp. In order to address this, one can define an order ^ on 11 
and extend this as a lexicographic order with respect to ( , ) on ap. Then we can consider 
the convex subchamber of ap: 

a+(r) = {x G aj : X ^ 7 • X, for ah 7 e Tp]. (4.1.5) 

One can also define a variant of the order > from before ([BJ2], lemma 3.3). If uq are real 
parameters, then write ly >c z^o if there exist 7,70 G F such that 7 • > 70 • z^Oi and one 
shows that this is well-defined. 

Definition 4.1.2. We define a Langlands datum (P, C/',z^) for M.' to be a triple v,Mp^,^,U' 
where: 

(a) Up C n; 

(b) I. G a+(F); 

(c) Wp^^ = Hp XI Fp,,,, where Fp,^ = {7 g Fp : 7 • 1/ = i/}; 

(d) U' is irreducible tempered for IHIp,^. 

Then the reformulation of the Langlands classification for non-connected p-adic groups in 
this setting is the following. 

Theorem 4.1.3 ([BJl], theorem 4.2, [BJ2], theorem 3.4). Assume that F is abelian. 

(i) Let V' be an irreducible W— module. Then V' is a quotient of a standard induced 
module I{P,U',v) := H' Cgjjj/^ ([/' (g) C^), for a Langlands datum (P, C/',z^) as in 
definition J^.1.2. 

(ii) Any standard module /(P, C/',z/) as in (i) has a unique irreducible quotient, denoted 
J{P, U' , v). This appears with multiplicity one in L{P, U' , v). Moreover, if {Pi, U[, vi) 
is the Langlands datum for a different irreducible subquotient than J{P,U' then 
Rev >c RevQ. 
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(iii) J{Pi,U[,i'i) = J(-P2> f^25 ^2) if and only if Hp^ = Hpj, 1^1 = 1^2, and U[ = U'^ as 
Hp ,, —modules. 

Remark 4.1.4. (1) In the applications for p-adic groups, the group T arises as the group 
of components of the centrahzer of a semisimple element in a complex connected 
reductive group ©. By a classical result of Steinberg ([St]), T can be embedded 
naturally into the fundamental group of 0, and therefore it is abelian. 

(2) In [So2] theorem 8.3, part (i) in theorem 4.1.3, as well as a weaker form of the 
maximality of the Langlands parameter from (ii) [Reu >c Rei'o), is proven for 
arbitrary T. 

(3) If H is assumed simple, the only case not covered by theorem 4.1.3 is when M is 
of type D4 (with equal parameters 1) and F = ^3. But in this case, the algebra 
M' = M^D/j^) X 53 is known to be isomorphic with the graded Hecke algebra of type 
F4 with parameters 1 on the long roots and on the short roots. Therefore, with 
this identification, one may use theorem 4.1.1 directly in that case. 

One can transfer the classification to W as well, via the functor 

r : (M'-mod) ^ (i'-mod), V ^ V' := (^cV , (4.1.6) 
where C" = span^jii^j 1 : i = l,n} is, up to isomorphism, the unique irreducible module of 

Mn. 

4.2. Let /C denote any one of the three algebras and let W denote its finite part. For every 
irreducible /C— module, we define the notions of W— character and signature. The idea is 
due to [Vo], and it was used in the p— adic and Hecke algebra cases by [BMl]. 

Definition 4.2.1 (1). Let {tt,V) be a finite dimensional /C— module. For every irreducible 
representation {5,Vs) of W, set V{6) = Homw[V5,y], and let m{5) = dim£V{5) be the 
multiplicity of 6 in V. We define the W— character of (vr, V) to be the formal combination 

OMV) = "^('^)'^- (4.2.1) 

Recall from section 2 that the algebra /C has a *— operation (defined explicitly), and that 
we defined hermitian and unitary /C— modules with respect to it. 

Definition 4.2.2 (2). Let {tt,V) be a finite dimensional /C— module with a nondegenerate 
hermitian form ( , ). For every {6, Vs) € W, fix a positive definite hermitian form on Vs. Then 
the space V{5) acquires a nondegenerate hermitian form, and let {p{6),q{5)), p{5) + q{5) = 
m{6), be its signature. Define the signature character of (vr, y, ( , )) to be the formal pair 
of sums: 

nv) = iY,pmT^Qm- (4.2.2) 

Sew Sew 

It is clear that {it,V,{, )) is unitary if and only if q{6) = for all S G W. The fundamental 
result that one needs relates the signature of an irreducible module to a combination of 
signatures of the tempered modules. In the original real groups setting, this is theorem 1.5 
in [Vo]. In the setting of p— adic groups and affine Hecke algebras, this is theorem 5.2 in 
[BMl]. 
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Theorem 4.2.3 ([Vo, BMl]). Let {tt,V) be an irreducible IC— module having a nonzero 
hermitian form. Then there exist finitely many irreducible tempered modules {ttj ,Vj), and 
integers a^, j = l,m, such that 

m m 

j=i i=i 

Moreover, if (vr, V) has real central character, then so do (iTj, Vj), j = 1, m. 

We remark that the integers are not necessarily nonnegative, and that there is no 
known effective algorithm to compute them in our setting. The proof of the theorem is 
completely formal, once the results in section 4.1 are given. It uses the notion of Jantzen 
filtration, and an induction on the length of the Langlands parameter. One may simply 
follow the proof in [BMl]. 

4.3. We compare the signature characters for the Hecke algebras IC. The idea is due to 
[BMl, BM2]. Let x denote a central character for IC. 

Definition 4.3.1. Let {tt,V) be an irreducible /C— module with a nonzero hermitian form 
and corresponding signature character T,{V) as in theorem 4.2.3. We say that V has the 
Vogan property, if 

m. 

^^aJ0>v(Vj) = implies that aj = 0, for all j = l,m. 

i=i 

We say that a subcategory mod-^K, has the Vogan property if every irreducible module in 
this subcategory does. 

Lemma 4.3.2. Let IC beM or W. Then the category of finite dimensional IC— modules with 
real central character has the Vogan property. 

Proof. This is immediate by proposition 3.5.1 and corollary 3.6.3, which say that the set of 

tempered /C— modules with real central character have linearly independent 

W— characters. □ 

We cannot apply the same argument for H'. The reason is the following. Note that, by 
corollary 2.6.2, in the correspondence (4.1.6), we have 

9^,iV') = lndf,{9w,{V')). (4.3.1) 

Consequently, it is possible to have distinct tempered modules with real central character for 
H', which have the same W structure. In particular, the linear independence for tempered 
modules does not hold anymore. One bypasses this difficulty as in [BM2]. 

Proposition 4.3.1. The category of finite dimensional M'— modules with real central char- 
acter has the Vogan property. 

Proof. Let V' be an irreducible hermitian H'— module with real central character. Assume 
that 

m m 
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The fact that the functor V' i— )• V in (4.1.6) is an isomorphism imphes that 

m m 

By lemma 2.7.3, all are tempered with real central character. If ^Y=i'^J^W'^^D ~ ^' 
then V' unitary, and so V' is unitary too. This means X^jLi oj^iy (^0 = 0- The claim 
follows now by lemma 4.3.2. □ 

4.4. The main application is next. Call an affine algebra 'H'^'^ (^') of geometric type, if all 
the graded algebras that appear via the reductions in section 2 are of geometric type 
in the sense of section 3. 

Theorem 4.4.1. Assume the notation from section 2. Let H^'^* {"^ , zq) he the affine Hecke 
algebra attached to a root datum ^ (definition 2.1.1) and with parameters A, A* of geometric 
type (section 3), and assume zq is not a root of unity, and let 'H'{'^,zq) = T-L'^''^ (^,-^0) 1^ T 
he an extended Hecke algehra. Let Sg £ be a fixed elliptic semisimple element. The 
category of finite dimensional 'H'^'^ {'^ , zq)— modules whose central characters have elliptic 
parts G{^) K T-conjugate to Se has the Vogan property (definition 4-3.1). 

Proof. This follows now from propositions 2.5.1, 2.6.1, and 4.3.1. □ 



5. Elements of the theory of types 

We need to recall certain elements of the theory of types (see [BK2] and the references 
therein) . 

5.1. Let F denote a p— adic field of characteristic zero, with norm || ||, and let Q be the 
group of F— rational points of a connected, reductive, algebraic group defined over F. Let 
9\{G) denote the category of smooth complex representations of G. 

A character % : — t- is called unramified, if there exist F— rational characters : 

Q — > F^, j = l,k, and complex numbers Sj, j = l,k, such that xid) = 11^=1 1 1 '/'i (s) 1 1 '^^ > fo'^ 
ah g£g. 

We recall Bernstein's decomposition of 9\{g) adapted to the theory of types. One defines 
an equivalence relation on the set of pairs (L,a), where L is a F— rational Levi subgroup of 
g, and cr is an irreducible supercuspidal representation of L as follows. 

Definition 5.1.1. Two pairs (Li,cJi) and (L2)0"2) are inertially equivalent if there exists 
g £ g, and an unramified character x of L2 such that gLig~^ = L2, and g ■ (7i = a2 X- 

Let ^{g) denote the set of inertial equivalence classes. If (vr,y) is an irreducible repre- 
sentation in D\{G), then there exists a pair (P, cr), where P = LN is a F— rational parabolic 
and a is an irreducible supercuspidal representation of L, such that vr is equivalent with a 
subquotient of the normalized induced representation Indp(cr). Moreover, the pair {L,a) 
is unique up to conjugacy, so in particular, one can assign to vr, in a well-defined way, the 
inertial class s = [L, a] G ^(^)- This is called the inertial support of vr. More generally, one 
defines a full subcategory W{g) whose objects are (vr,y) (not necessarily irreducible) for 
which all irreducible subquotients have inertial support s. 
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Remarks 5.1.2. (1) The inertial support gives a decomposition 

d\{G)= W d\'{G). (5.1.1) 

(2) This decomposition is well behaved with respect to Langlands classification. By 
a result of [Cas], if the Langlands subquotient of a standard module has inertial 
support s, then the standard module is in '^^{Q). 

5.2. Let T-L{Q) denote the Hecke algebra of i.e. the space of locally constant, compactly 
supported complex functions on Q with convolution with respect to some fixed Haar measure. 
The algebra HiG) has a natural *-operation: if / G T~iiG), then f*{g) := f{g^^). Let J be a 
compact open subgroup of G, and fix a smooth irreducible representation (/c, W) of J. Let 
(p^, W^) be the contragredient representation. 

Definition 5.2.1. The Hecke algebra T-L{Q, p) is the associative complex convolution algebra 
with unit on the space of compactly supported functions f : Q ^ Endc(W^) satisfying 

fihgh) = p^ih) ° f{g) ° p^ih), juh e J,g eg. 

It has a natural *-operation defined by f*{g) := f{g~^)^, where denotes the transpose 
with respect to the pairing between W and W^. 

There is a natural isomorphism T-L{Q,p) = EndG(Indj (/o)). On the other hand, there 
exists an idempotent element Cp G 'H{g) defined using p as in [BK2], 2.9. Then one can 
consider the algebra T-L[G)p := Cp -kT-L{G) -k Cp. There is a natural isomorphism (proposition 
2.11 in [BK2]) 

1W(G,p)«)cEndc(W) ^^(g)p. (5.2.1) 

If (7r,y) G 1H(G), define 

Vp := Homj[W, V] and V := TT{ep)V. (5.2.2) 

The first is the space of p— invariants in V, and the second turns out to be the p— isotypic 
component of V. Clearly, the second space acquires a ^(^)p— module structure. The first 
space is a left ?^(t/, p)— module as follows. If cp £ IIomj[>V, V] and / G 7i{Q,p), then 'K{f)(p 
is the homomorphism 

W3w^ [ 7T{g) ct){{f{g))''w) dg. (5.2.3) 
Jg 

Let yip{G) denote the full subcategory of d\{Q) whose objects are representations {tt,V) 
such that V is generated by V^, i.e. V = T-L{Q) * V^. One has two functors therefore: 

xn.p : ^p{G) ^ U{g)p - mod, mp{V) = VP, (5.2.4) 

: ^p{G) ^ n{Q, p) - mod, Mp(F) = Vp. (5.2.5) 

5.3. We retain the notation from the previous sections. 

Definition 5.3.1. The pair (J, p) is called a type in Q if the category IHp(^) is closed under 
subquotients. 

The main foundational result is next. 

Theorem 5.3.2 ([BK2], 3.12, 4.3). Assume that {J, p) is a type in Q. Then we have the 
following: 

(i) the functor m.p is an equivalence of categories; 
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(ii) the functor Mp is an equivalence of categories; 
(iii) there exists a finite subset 6 C 55 (^) such that 

^p{g) = ll^%g). (5.3.1) 

see 

In fact, these properties characterize the notion of type. When (5.3.1) holds, we call {J, p) 
a S-type. 

5.4. We need a result from [BK2], section 11, which gives a Bernstein-type of decomposition 
for T-L{Q,p). Assume for simplicity from now on that (J, p) is a s-type, where s = [L,a] G 
*B(^). This also gives rise to an element 5l = {L,^] E *B(L), and a s^-type {Jl,Pl) in 
L, such that conditions (11-1) in [BK2] are satisfied. Let us fix a maximal compact open 
subgroup fC oi Q such that J C IC, and parabolic P = LN satisfying hypothesis (11.2) in 
[BK2]. 

Theorem 5.4.1 ([BK2], 11.4). There is a natural isomorphism of C-vector spaces 

5, : n{K,p)^cnmpL)^n{g,p), 

given by convolution. The algebra T-L{L, p^) is abelian. 

Using the *-operation of HiG, p) we may define hermitian and unitary TL{G, /?)-modules. 
Definition 5.4.2. The s-type (J, p) is called affine if there exists a *-preserving isomorphism 

^■.n{G,p)^'H'{^), 

where TL^ip) is an extended affine Hecke algebra from definition 2.1.1^ of geometric type and 
such that it preserves the Bernstein decomposition, z.e. in the notation of theorem 5.4.1 and 
(2.2.2): 

{io6,){n{K,p)) = nw'. {io5,){n{L,pL)) = A{^). 

Moreover we require that the isomorphism ^ takes standard modules to standard modules, 
and in particular tempered modules to tempered modules. 

Then the main observation is that under these hypothesis, since corollary 4.4.1 holds, the 
proof of theorem 1.1 in [BMl] can be repeated to obtain the following result. The necessary 
results relating parabolic induction and the equivalence Mp : 9^^(^) = 'H(^,p)-mod are in 
section 8 of [BK2]. 

Corollary 5.4.3. Assume the 5 -type {J,p) is affine in the sense of definition 5.4-2. Then, 
in the equivalence of categories 

Mp : W{g) ^n{g,p)-mod, 
the hermitian and unitary modules correspond, respectively. 

When the hermitian and unitary modules between two categories correspond functorially, 
we say that the two categories are unitarily equivalent. 

6. Unitary correspondences 

In this section, we give two examples of unitary correspondences as in corollary 5.4.3, and 
present certain applications to unitary functorial correspondences with endoscopic groups. 

for some specialized value zq € M>i of the indeterminate z 
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6.1. Unramified principal series. Assume that Q is the F-points of a hnear reductive 
algebraic group over F. Denote by vw the valuation function on F. Standard references for 
the discussion about unramified principal series are [Car], [Bol]. 
Fix A a maximally split torus in Q and set 

M = Cg{A), Wig,A) = Ng{A)/M. (6.1.1) 

Let X*(M) and X*(M) denote the lattices of algebraic characters and cocharacters of M, 
respectively, and ( , ) their natural pairing. Define the valuation map 

VM ■■ M ^ X,{M), {X,VM{m)) = vw{X{m)), 

\fm G M, AG X*{M). ^ ' ' ' 

Set = kervM and A(M) = Qvm- Similarly, define va, ^A, and A(A). Since ^4 is a 
torus, we have A(^) = X^{A). Moreover, we have X^{A) C A(Af) C X^{M). (Notice that 
A(Af) = X^{M) precisely when M = A, i.e., G is F-split.) 

The group of unramified characters of M (i.e., characters trivial on ^M) will be denoted 
by M". For every character x £ M"^, let X(x) denote the corresponding unramified principal 
series. It is clear that 

M" ^ Hom(A(Af),C''), (6.1.3) 
so if we define T' = SpecC[A(M)], a complex algebraic torus, we have a natural identification 

= T'. (6.1.4) 

Let /C and X be a special maximal compact open subgroup of Q and an Iwahori subgroup, 
respectively, attached, using the Bruhat-Tits building, to the torus A and a special vertex 
xo (see [Ti], or section 3.5 in [Car]). Then '^A = A D IC and ^M = M n IC. The Weyl group 
W{g,A) acts on X^{M) preserving X^{A) and A(M). If we let W{g,A) = W{g,A) x A(M) 
denote the extended Weyl group, the Bruhat-Tits decomposition is 

g =1 W{g, A) I and JC= I W{g, A) I. (6.1.5) 

The subquotients of the minimal (unramified) principal series X(x) have inertial support 
1 = [^, lyi], where 1a denotes the trivial character on A. In other words, the irreducible 
subquotients of the minimal principal series form the irreducible objects of the category 

Theorem 6.1.1 ([Bol, Cas]). The pair (X, Ij) is a 1-type (in the sense of definition 5.3.1) 
for g. In particular, 9^"^(^) = '^{x,ix){Q)-' "^^^ tempered parameters match tempered param- 
eters. 

In this case, the structure of T-L{g, li) is well-known by [IM]. Its description with genera- 
tors and relations and the explicit parameters are in the tables of [Ti] . In the terminology of 
section 2, it is an affine Hecke algebra 'H(^) with certain unequal parameters of geometric 
type for a root datum ^ . More precisely, with the notation from section 2, particularly 
definition 2.1.1, we have ^ = {X, X"^ , R, R"^), where 

(1) X = X*{T'){= A(M)), = X^{T')- 

(2) the Weyl group of ^ is W{g,A); 

(3) i?^ is the set of "restricted roots" of ^ in ^ (see [Ti], section 1.9, or [Car], page 141). 
This implies that (X, Ij) is an affine 1-type in the sense of definition 5.4.2, so we have: 

Theorem 6.1.2. The categories ^^{g) and T-l{g,lx) are unitarily equivalent. 
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Remark 6.1.3. Following theorem 2.2.1, we see that the central characters of ^{{Q, Ix) are 
in one-to-one correspondence with W{Q, A)-conjugacy classes in T'. We will use this fact in 
section 6.2. 

6.2. Quasisplit groups. We retain the notation from 6.1. In this subsection we explain 
a correspondence between unitarizable principal series of a quasisplit, nonsplit, quasisimple 
p-adic group Q and certain endoscopic split groups. We assume in addition that Q splits 
over an unramified extension of F. The key observation is that while T-L{G, li) may have 
unequal parameters, all of the graded Hecke algebras attached can be identified naturally 
with graded Hecke algebras with equal parameters. For this we need to examine the Iwahori- 
Hecke algebra and its graded versions more closely. Assume that the root datum ^ for 
^{{G, Ix) is non-simply laced root datum, and with parameters A and A*, the latter occuring 
when ^ is of type B. 

Let Os, Oi denote a short root and a long root respectively, and let \a\ denote the squared 
length of a root a. The following lemma can be verified by inspecting Tits' tables for qua- 
sisplit groups ([Ti]). 

Lemma 6.2.1. The parameters of T-L[G ,lx) satisfy the conditions: 



Xias)±\*ias) ri /n l\ 



These conditions guarantee that for every graded Hecke algebra that appears in 
remark 2.3.3 (via theorem 2.3.2), the parameters /Uo-(a) satisfy one of the following properties: 

(a) fiaios) = 

(b) Ha{as) = |^//<x(af), 

(c) fJ.a{as) = 0. 

In case (a), H^^ is a graded Hecke algebra with equal parameters. In case (b), we have a 
natural isomorphism 



^ (6.2.1) 



where M)'-^ is the graded Hecke algebra attached to the dual root system to that of 
and with parameters ^^(q^) = //^(a^), fi^{a.s) = fiaio^s)- Notice that H^v is a graded Hecke 
algebra with equal parameters. In case (c), we have a natural isomorphism (see proposition 
4.6 in [BC]) 

M^^^C[Ws]xMl^, (6.2.2) 

where Wg is the reflection subgroup of W generated by the simple short roots, and H^^ is 
the graded Hecke algebra (with equal parameter ^„{ae)) corresponding to the root system 
of long roots. 

Every unramified principal series X(x) contains a unique irreducible (/C-) spherical sub- 
quotient X{x)- It is well-known that two unramified principal series X{x) and X{x') have 
the same composition factors, and in particular X{x) — X{x') if and only if 

X = wx! , for some w G W{Q,A). 

Let 

^sph denote the set of isomorphism classes of irreducible spherical representations of Q . 
Therefore, we have a one-to-one correspondence 

^sph < — > W{g, A)-orbits in = T'. (6.2.3) 
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(A better way to express this correspondence is via the Satake isomorphism T-L{Q,IC) = 
CfM/OM]^^^'^), see for example theorem 4.1 in [Car].) 

We need to recast this bijection in terms of the dual L-group. Let G denote the complex 
connected group dual (in the sense of Langlands) to G, and let T be a maximal torus in 
G. Let *(G) = {X*(T),X,{T),R{G,T),R'^{G,T)) be the corresponding root datum. The 
inner class of Q defines a homomorphism r : F — )■ Aut(^'(G)), where T = Gal(F/F). Since 
we assumed that G is quasisimple unramified, we know that the image t{T) C Aut(^'(G)) 
is a cyclic group generated by an automorphism of order d {d G {2, 3}) which, by abuse of 
notation, we also call r. We fix a choice of root vectors Xa, for a € R. The automorphism 
T maps the root space of a to the root space of T{a). We normalize r such that 

t(X„) = X^(^), for all a. (6.2.4) 

This allows one to extend r to an automorphism of G in a canonical way. 

Definition 6.2.2. Two elements xi,X2 G G are called r-conjugate if there exists g € G such 
that X2 = g ■ xi ■ T{g~^). For a subset S C G, denote: 

NciSr) = {g e G : g ■ S ■ rig-') C S}. 
The construction of the L-group is such that we have (see [Bo2], section 6): 

x*{T') = x*{Ty, w{g, A) = w{G, ry. (6.2.5) 

In particular, we have an inclusion X*{T') X*(T), which gives a surjection u : T ^ T'. 
By lemma 6.4 in [Bo2], the map 

I/' : T X (r) ^ T', u'{{t, r)) = u{t), (6.2.6) 

induces a bijection of (A^(rr), r)-conjugacy classes of elements in T and W{G, T)'^-conjugacy 
classes of elements in T' . 

Theorem 6.2.3 (Langlands, cf. [Car], theorem 3.1, [Bo2], proposition 6.7). There are bi- 

jective correspondences: 

semisimple T-conjugacy classes in G < — t- 
{NG{TT),T)-conjugacy classes of elements in T i — > (6.2.7) 
W{G,TY -orbits in T'{^ Gsph). 

Definition 6.2.4. Let vr be an irreducible representation in It occurs as a subquotient 

in an unramified principal series X{x) with /C-spherical subquotient X{x)- Via theorem 6.2.3, 
to X{x) there corresponds a semisimple T-conjugacy class in G. We will refer to this class 
(or any representative of it) as the infinitesimal character of vr. 

Notice that definition 6.2.4 is compatible, via remark 6.1.3, to our conventions from section 
2. 

Definition 6.2.5. We fix now an elliptic element Se G T'^, and consider the subcategory 
^se(^) ^^{G) of representations of Q with infinitesimal character having elliptic part 
r-conjugate to Sg. 

Let 

G(seT) = {geG: gseT{g-^) = Se} (6.2.8) 
denote the twisted centralizer of Se in G. This is a potentially disconnected reductive group. 
Denote the identity component by G{seT)Q. Let Q{seT) denote a split p-adic group whose 
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Table 1. Nonsplit quasisplit unramified Q and corresponding split G{t). 



Type of Q 


Name in [Ti] 


Order of r 


Type of Q{t) 


A-2n-l 


^2n-l 


2 


Bn 


A2n 


■2AI 


2 


Cn 


Dn 




2 


Cn-1 






3 


G2 


Ee 




2 


F4 



Langlands dual is G{seT). In particular, this means that the group is the split F-points of 
a disconnected group whose identity component has root datum dual (in the sense of Lang- 
lands) to that of G(seT)o, and whose group of components is isomorphic to G{seT)/G{seT)Q. 

Using the analysis after Lemma 6.2.1, based on a case-by-case inspection of the tables 
in [Ti], we find that the graded algebra at Sg of the affine Iwahori-Hecke algebras for Q is 
naturally *-preserving isomorphic with the graded algebra at 1 of G{seT). When Se = 1, we 
denote this group by G{t). We obtain the following consequence. 

Corollary 6.2.6. The categories 9\1^{Q) and 9\\{Q{seT)) are unitarily equivalent. In par- 
ticular, there is a unitary equivalence for representations with Iwahori fixed vectors and real 
infinitesimal character between Q and Q{t). 

Example 6.2.7. The explicit cases for quasisplit groups and real infinitesimal characters 
are in table 6.2. For example, when Q is the quasisplit adjoint unitary group in four variables 
[Q = PSU{2,2)), we have G = SL{4,C). The corresponding automorphism r is 

rig) = J-g-J\ where J = (^_°^ . (6.2.9) 

The torus T is the diagonal one. If we choose Sg = 1, then G{t) = S'p(4, C), so the corre- 
spondence of unitarity is with Q{t) = <S'0(5,F), but if we choose Se = diagonal(l, 1, —1, — 1), 
then G{seT) = 50(4, C), and the correspondence of unitarity is with ^(sgr) = 50(4,F). 



6.3. Ramified principal series for split groups. A similar type of correspondence can 
be achieved for ramified principal series using the results of [Ro]. We assume that Q is split 
over F and the same restrictions of the characteristic p as in [Ro]. Let x ■ ^ ~^ be 
a ramified character and set \ : ^ C^, \ = xI'M- considers the inertial class 

r = [^, x]- This only depends on \. The irreducible objects in W{Q) are the irreducible 
subquotients of minimal principal series X(x')) where \' = \. 

In [Ro], a r-type {J, p) is constructed, with p one dimensional, and the structure of the 
Hecke algebras is computed. Let G be the complex group dual to ^. In [Ro], a semisimple 
element \ £ G is attached to \. We explain this construction next. Let Wf be the Weil 
group and recall the short exact sequence 

1 — > Ir — > Wf — >Z — >l, (6.3.1) 

where If is the inertia group (open in Wf), and the cyclic group Z generated by a Probenius 
element Frob : x 1— >■ in Gal(Fq/Fg). The Weil-Deligne group is Wp = C x Wf, where 
w S Wf acts on C by multiplication by \\w\\, the norm of w. In particular, Frob acts by 
multiplication by q. 



UNITARY FUNCTORIAL CORRESPONDENCES FOR p-ADIC GROUPS 29 

A Weil homomorphism (p : — t- G is a continuous homomorphism satisfying certain 
properties (see for example [Bo2], §8.1). In particular, (^|>Vp should consist of semisimple 
elements and (/>|c of unipotent elements. We say that (p is unramified if 4>{Iw) consists of 
central elements of G. 

Let denote the abelian quotient of Wf. The Weil homomorphisms that parameterize 
minimal principal series descend to C x W|^. Let I^^ denote the image of If in Recah 
that the reciprocity homomorphism rp is an isomorphism of onto F^, and induces an 
isomorphism of onto O^. 

To the character \ : — > C^, we attach a homomorphism 

\: CG. (6.3.2) 

This is the unique homomorphism which makes the following diagram commutative for any 
X£ X^{A) = X*{T): 

I^^ ^ ^ T (6.3.3) 



A ^ / 
0^ ^ 

Now we consider 

: C X ^ G such that 0|^ab = \. (6.3.4) 

Such homomorphisms parameterize L-packets which have subquotients of minimal principal 
series X{x), with x\oa =°X- Define 

CgC^) = centralizer in G of the image of \. (6.3.5) 
Lemma 6.3.1 ([Ro]). Gg{^) is the centralizer of a single semisimple element in G. 

By abuse of notation, we denote this semisimple element by \ too. Let be the 

root datum for the identity component of the centralizer Gg{\), and let F be the group of 
components of Gci^)- 

Theorem 6.3.2 ([Ro]). The x-type (J, p) is affine, and the Hecke algebra ^{{G, p) is naturally 
isomorphic to the equal parameter extended affine Hecke algebra T-L'{'^(^ = T-L{^(^ x T. 

Corollary 6.3.3. The categories "^^{Q) andl-L[Q , p)-mod (equivalently, 'H'{'^g^) = 'H{'^g^) x 
T-mod) are unitarily equivalent. 

By combining this with theorem 6.1.2, we have an important consequence. Let Q'{^x) be 
a split p-adic group dual to Cg(\). The Iwahori Hecke algebra of this group is naturally 
identified with T-L'{^q^). By combining the previous corollary with theorem 6.1.2, we have 
an important consequence. 

Corollary 6.3.4. The categories and {Q' {\)) are unitarily equivalent via the equiv- 

alences of categories: 

^'^{G) ^ n'i^s^ymod ^ ^\g'{\)). 
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Assume now that Q is adjoint. In this setting, [Re] gives the Dehgne-Langlands-Lusztig 
classification for 91^ {Q). Notice that any parameter cj) as in (6.3.4) has the image in fact in 

G{^). Denote by (p' the homomorphism obtained by restricting the range of (j) to G{\). 
Then cp' is, by definition, an unramified parameter for Therefore, we have a one-to-one 

correspondence of L-packets 

^' : (j) — > (j)' , ^l/ab = \, 4>' unramified for G^x)- (6.3.6) 

The assumption that Q is adjoint impHes that Qi^x) is connected. Following [Re], the corre- 
spondence (6.3.6) encodes the bijection between subquotients for the '^x-ramified principal 
series of G(F) and subquotients (f)' of the unramified principal series of G(\). More precisely, 
let Ag{4>) and A^^^^{(j)') denote the component groups of the centralizers of the images of 

6 and 6' respectively. Let B'^ - and B'^ ^ denote the varieties of Borel subgroups fixed by 

the images of (j) and (f)' respectively. We say that a representation of the component group is 
of Springer type if it appears in the action on the Borel-Moore homology of these varieties. 
Then there is a natural isomorphism 

^G(0) = ^Grx)('^'), (6.3.7) 

which induces a bijection ^ of the component group representations of Springer type. 

Then the reformulation of the corollaries in section 6.3, in the particular case when Q is 
adjoint, is that the correspondence ^ of (6.3.6) restricted to elements of Springer type, gives 
a one-to-one correspondence between hermitian and unitary representations, respectively. 
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